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Exact solutions

for the Cahn—Hilliard equation
in terms of Weierstrass-elliptic
and Jacobi-elliptic functions

Akhtar Hussain?, Tarek F. Ibrahim?, F. M. Osman Birkea3, Abeer M. Alotaibi*,
Bushra R. Al-Sinan® & Herbert Mukalazi®™*

Despite the historical position of the F-expansion method as a method for acquiring exact solutions
to nonlinear partial differential equations (PDEs), this study highlights its superiority over alternative
auxiliary equation methods. The efficacy of this method is demonstrated through its application

to solve the convective—diffusive Cahn-Hilliard (cdCH) equation, describing the dynamic of the
separation phase for ternary iron alloys (Fe-Cr-Mo) and (Fe-X-Cu). Significantly, this research
introduces an extensive collection of exact solutions by the auxiliary equation, comprising fifty-

two distinct types. Six of these are associated with Weierstrass-elliptic function solutions, while the
remaining solutions are expressed in Jacobi-elliptic functions. | think it is important to emphasize
that, exercising caution regarding the statement of the term 'new,’ the solutions presented in this
context are not entirely unprecedented. The paper examines numerous examples to substantiate
this perspective. Furthermore, the study broadens its scope to include soliton-like and trigonometric-
function solutions as special cases. This underscores that the antecedently obtained outcomes
through the recently specific cases encompassed within the more comprehensive scope of the present
findings.

Keywords Convective-diffusive Cahn-Hilliard equation, Soliton solutions, The F-expansion method,
Jacobi-elliptic functions

Nonlinear equations constitute a pivotal tool in the modeling of intricate phenomena within the domain of
nonlinear sciences. In recent decades, the scientific community, comprising physicists and mathematicians, has
elucidated the proficiency of nonlinear differential equations in representing a myriad of nonlinear occurrences
across a spectrum of applied sciences. These encompass optics, optical fibers, birefringent fibers, plasma physics,
elastic media, geology, human biology, fluid dynamics, ecology, engineering, fluid mechanics, applied mathemat-
ics, computer science, medicine, and diverse other disciplines'®. The Cahn-Hilliard (CH) model'*-!* assumes
a fundamental role in elucidating phase separation phenomena within physical systems, notably in the context
of alloys. Noteworthy is the recent resurgence of interest in the CH equation, as it demonstrates applicability in
modeling the dynamics of fluid separation under specific conditions. This resurgence underscores the universal
applicability and scientific significance of nonlinear equations in capturing intricate phenomena across diverse
scientific domains.

This investigation focuses on scrutinizing Weierstrass-elliptic function solutions and Jacobi-elliptic function
solutions applicable to the CH equation. The methodology employed involves the utilization of the F-expansion
method">"". Our analysis encompasses the derivation of soliton-like solutions, Weierstrass-elliptic functions, and
solutions characterized by hyperbolic and trigonometric functions within the framework of the cdCH equation.
The mathematical expression governing the CH equation is presented according to the formula!®-*!
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(NCr)t = BCr(MNc, - FCr(NCr)xx - KCrX (Nx)xx)xm
(Nx)t = Bx(MNX - Kx(NCr)xx - Fx(Nx)xx)xx»

where Ny (x,t) and N¢, (x, t) represent the attractive regions of features X and Cr respectively, the system (1)
takes on the following form

(Ner)e = Ber[(Myz (Nr)xx + MNe N, (Ni)xx £ 2M2 y, (NCr)x (N
+ My (Ner)x)® + Myg,n2 (No)x)? = Fer(Nerxax — Kok (Ne) o),
(Nx)e = B[ (M2 n, (Ncr)xx + M2 (Nx)x + 2Mp2 n2 (NGr)x(Ni)x
+Myz y, (Nex)? + My n (N2)2)? = Kecr (Nerxax = Fx(Nx)xaoe) )

(1)

)

The regular solution model facilitates the expression of indigenous free energy through the following relation

M = M*(1 — N¢y — Ny) + M*™*N¢r + M¥*Ny + OpxNy(1 — N¢y — Ny)
+ OFecrNer(1 — Nor — Nx) + ©cxNerNx + RT[(1 — Ner — Ny) In(1 — Ner (3)
— Nx) + Ner In(Ner) + Ni In(Ny)1,
where the symbols M*, M**, and M*** represent the energies associated with Fe, Cr, and X respectively, while

OFecr» OFex, and O¢x serve as integration parameters. Additionally, T denotes absolute temperature, and R
stands for the gas constant. The formulation (3) is a direct outcome of this framework

1 1
M 20 —RT(—+————1]=0,
Né’ + FeCr <NCr + 1_NCr _Nx)
1 1
My2 + 20 —RT| —+ ———— | =0, 4
N2 FeX (Nx 1_NCr_Nx) (4)
Rt
MNC,NX—®Crx+@FeCr+®Fex—7l Ney —N =0.
- r — 1¥x

The assessment of gradient energy and mobility entails employing the cdCH equation for binary iron alloys,
exemplified by (Fe-Cr) and (Fe-X). Subsequently, these equations can undergo a linearization process for further
analysis as

(Nt + Di(Ni)xx + BiFi(Ni)xxxx = 0. (5)

The cdCH equation can be expressed as

W, = V.BW)VIg(W) — € \ W, (x,1) € © x 0T,

(6)
n.VW = nBW)V[g(W) — > /\ U1, (x,1) € 3O x R
Following Eq. (6), the cdCH equation can be formulated as follows
U, = V.[B(W)V(g(¥)y — FV2W)]. (7)

Here, F(V), W (x, t), and g(WV) signify the mobility, attentiveness, and homogeneous free energy, respectively.
Eq. (7) can be expressed as

U, + D*W = D?A(V) +vDV, v > 0. (8)

In this context, the term A(W (x, t)) signifies the chemical potential, W (x, t) denotes the concentration of one of
the two phases in a system undergoing phase separation, and vD(x, t) characterizes the phase transition influ-
enced by the continuous fluid flow.

Utilizing the subsequent traveling wave transformation to Eq. (8) given by

W(x,t) = W), § =x—ct, 9)
with the wave velocity denoted as c, the result is the following ordinary differential equation (ODE)
W+ W = (W = W) + W' (10)
Twice integration of (10) reveals
1 2 % 3
Se=DW W — W W =o. (11)

An overview of the F-expansion method
To explore exact solutions for nonlinear evolution equations (NLEEs), we state an algorithm for the F-expansion
method!*~18. For a given nonlinear PDE with independent variables x and t, and dependent variable W
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Z,[(llj, Wy, Uy, Wi, . .) = 0. (12)

Assuming W (x, t) = W (), where the wave variable § = x — ct, the nonlinear PDE in Eq. (12) is thereby reduced
to an ODE

NW, =W, W', -3wW”,..) =0. (13)
Next, we seek solutions for the ODE in the following form
¢ .
W) =Y nG®). (14)
i=0
Here, nj, (wherei = 0,1, 2,. .., ¢) represents constants to be determined, and ¢ is a positive integer that can be

determined by balancing the nonlinear terms W?3 with linear term W”. Additionally, G(8) satisfies the following
auxiliary equation

W/ (8) = o /XG*(8) + YG2(8) + Z, (15)
where 0 = £1,and X, Y, and Z are constants. Consequently, the last equation is satisfied for G(§)
G" =2XG* + YG,
G” = (6XG* + V)G’
G" = 24X’G* +20XYG’ + (12XZ 4+ Y))G (16)

In Tables 1 and 2, we present fifty two types of exact solutions for Eq. (15) (refer to'>~'® for detailed information).
Notably, these exact solutions can be employed to systematically construct additional exact solutions for Eq. (7).
mobility, attentiveness, and homogeneous free

Exact Jacobi-elliptic function solutions
Balancing the nonlinear term W with the linear term W” results in ¢ = 1. Thus, based on Eq. (14), we can make
the following selection

W(3) = no + mG(@3). (17)
where 1y and 1, represent undetermined constants. By substituting Eqs. (17) and (15) into Eq. (7) and subse-
quently equating the coefficients of G/ (§)G'(8), j = 0,1,2,..., 5, a system of algebraic equations for ng, 11, 12
and « is followed

nom — 262 Zniny + «®Ynony = 0,

2n0m; + 2n5m — 40’ Zn; + 8a? Ynom, = 0,
n} + 6nominz + 3’ Ynina + 6a*Xnon = 0,
4nin + 4non; + 4o’ Xaf + 24 Xngnz = 0,
5mn3 + 200> X111, = 0,

203 + 12¢°Xn3 = 0.

(18)

Upon solving the aforementioned overdetermined system with the assistance of Mathematica, the solutions are
determined as follows

1
Tlo=iﬁi, m =ni. (19)
Substituting these results into Eq. (17), we have the following formal solution of Eq. (7)

1
W) = iﬁi + n1G(8), where § = x — ct. (20)

Utilizing Table 1 and the formal solution (20), it becomes possible to deduce more comprehensive combined
Jacobian-elliptic function solutions for Eq. (7). Consequently, the following exact solutions are derived.
Class1: X = 02, Y = —(1 + 02), Z =1, G(8) = sné,

W (x,t) = :I:%i—{—msn(x—ct). (21)

Class 2: X = QZ, Y=—-(1+ Qz), Z =1, G(§) = cd$,
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Case X Y VA G(3)
1 0? —(1+0%» 1 sné
2 02 —(1+0%) 1 cdé = cnd/dné
3 —0? 202 —1 1-0° cnd
4 -1 202 0*—1 dné
5 1 —(1+40% 0’ nsd = (snd)~!
6 1 —(1+0% 02 dcé = dné/cné
7 1—0? 20% -1 —0? ncs = (cnd)~!
8 0% —1 2—0? -1 nds = (dné)~!
9 1-0?% 2 —o? 1 sc8 = sn§/cnd
10 —0%(1 - 0% 20% -1 1 sd8 = snd/dné
11 1 2 —o? 1-0% csd = cnd/snd
12 1 20% -1 —0%(1 — 0?) dss = dné/sné
13 i (1—-20%/2 i nsd + csé
14 (1—0%/4 (1—-20%/2 (1—0%/4 ncs + scs
15 i (©*—2)/2 0%/4 nsd =+ dsé
16 o/ 02 —2))2 0/ snd + icnd
17 o%/4 ©*-2)/2 o%/4 /1 —0%sds + cds
18 1/4 1-0%/2 1/4 ocds +i+/1 — 02nds
19 1/4 (1-20%/2 1/4 osnd + idné
20 1/4 1-0%/2 1/4 /1 — 0%sc8 =+ dcs
21 ©*—1)/4 ©@>+1/2 ©*—1)/4 0sd$ £ nds
2/4 2 1)
22 0/ 0 -1)2 1/4 o
23 —1/4 ©*+1))2 1 —o0H¥4 ocnd =+ dné
24 (1—p?)%/4 > +1/2 1/4 dss =+ cs8
0*1-0») 2(1-¢?) 1-¢? — 2
P |%h o FTEEa) deb x V1~ @'ncd
2y2 —0%Y -Y
26 X>0 Y<0 m 1/7@2“))(511( —gbrlé)
_oy? Y Y
27 X<0 Y>0 o \ @i d“(\/ P 5)
2,2 1)y2 oY Y
28 X<0 Y>0 g(z(g%—l))lx \V " Gnx cn< 5571 8)
2 5 dng
29 1 2— 40 1 snd_dnd
4 snd_cnd
30 0 2 1 b cnd
31 0?42 1-20%+¢* dnfngns
A%(o—1)? 241 (0-1)° dné cns
32 fe-v S +3 QMZ) AT Fond) Lro 500
A%(0+1)? 241 +1)2 dns cné
3 (94 : 5 -3 (94,;2) A(Hsng)(?lg snd)
_4 2 _ 9,3 4 2 | ocnd dné
34 Q bc-e 1 2" +eo +e o sn?+1
4 _ a2 3 4 2 ocné dnd
35 2 6o—0" —1 |2 +o" +0° |E5RTT
942
36 |14 1-20 1/4 TEaw
1-¢? 1+0* 1-¢? cnd
37 4g 29 4g 1;"Sn5
38 401 24601 — 0> |2+201 —0* e snd cnd
01—dn”§
39 —4 2 — 601 — 0?2 2201 —0? _ o*snécnd
i e e 01+dn?s
4 2—gz—2m o° 1 _ 2—@2—2411 gzsné cnd
0 4 2 1=301 4 sn28+ (1401 )dns—1—01
2—0°+20 Q 2—0’+20 0%sné cns
4 P T 143 T 25+ (—1+o1)dnd—1+o;
B2-C?) | ¢
42 C2o* —(B2+C0*+B> | o*+1 0?1 Wiz, Toné
- 1 2 4(C% " Bend+Cdns
2 2,2_c2
43 B+C%? 1_p2 1 V s Fens
4 2 4UC?+BY) Bsnd+C dnd
B2_C2p24C2
44 B+ @ _ot : B ch+ ) dns
1 2 WCHED (B°+C9)
" Bsnd+Ccnd
Continued
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Case X Y VA G(3)
4 (2 2 2 20—0%—1 osn?5—1
5 (@ +2¢+1)B 20°+2 B2 B(osn?6+1)
(n2 2 2 20+0%+1 osn?5+1
46 (0 20+ 1)B* | 20° +2 - B sTiT)

Table 1. The relationships delineating the values of (X, Y, Z) and their respective G(§) in Eq. (15) are

established, where X, Y and Z represent arbitrary constants, and o = y/1 — 0?.

Case | f» f G(9)
7 |30 -3X2) 5 (-2Y? +9X7) Vi@ ) — 1)

4y2 4y 2 /
48 3(Y* —3XZ7) 57 (=2Y* + 9XZ) 3@((6;135@7”
49 —(5YD+4Y2+33XYZ) | 21Y2D—63XZD+20Y3—27XYZ | /12Zp (8:f2,/3)+2Z(2Y +D)

12 216 12 (5:2,/5)+D

1y2 €1 _y2 VZI6p (8:f.f3)+Y]
50 LY?+XZ 515 Y(36XZ — Y?) e
51 Ly24xz A Y(36XZ — Y2 __WOhH)

A a6 ¥ ) VX169 Bifaf5) Y]
52 2v2 Y3 YVIY2Xp@ifsfs) 572

9 54 3p 0L +Y > — 36X

Table 2. Weierstrass-elliptic function solutions for Eq. (15), where D =
deo (65,
9 (5 forf) = WGP,

1
Wy (x,t) = £——i+ nrcd(x — ct).

V2

Class 3: X = —QZ, Y = 2@2 -1, Z=1-— Qz, G(8) = cné,

1
W3(x,t) = £——=i+ nicn(x — ct).

V2
Class4: X = —1, Y =2 — 0%, Z=0%—1, G(§) = dné

1
Wy (x,t) = :l:—zi + nydn(x — ct).

NG

Class5: X =1, Y =—(1+ QZ), 7 = QZ, G(8) = nsé,

1
Ws(x,t) = :I:—Zi + nins(x — ct).

NG

Class6: X =1, Y = —(1 + 0%), Z = 0%, G(8) = dcs,

1
We(x, 1) = :i:—zi + nmde(x — ct).

NG

Class7: X =1 — 02, Y =20> — 1, Z = —0?, G(8) = nc5,

1
Wr(x,t) = :I:—zi + ninc(x — ct).

V2

Class8: X = 0% —1, Y =2 — 0%, Z = —1, G(§) = nds,

1
Wg(x,t) = £——=i+ nind(x — ct).

V2
Class9:X:1—Q2, Y:Z—Qz, Z =1, G(8§) = scé,
1

Wo(x,t) = £——i + nisc(x — ct).

9(x, 1) NG n1sc( )

Class 10: X = —Q2(1 — QZ), Y = 292 —1, Z=1, G(8) = sdé,

1
Wig(x, t) = :l:fzi + nysd(x — ct).

V2
Class11: X =1, Y=2—92, Z=1—Q2, G(8) = csé,

1
2

(—5Y £+/9Y% —36XZ)and

(22)

(24)

(26)

(29)

(30)
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1
Wi (x,t) = i7i+ nics(x — ct).

7

Class 12: X =1, Y = 20%> — 1, Z = —0*(1 — 0?), G(8) = ds4,

1
Wi (x,t) = :l:—zi + n1ds(x — ct).

V2

Class 13: X = 1/4, Y = (1 —20%)/2, Z = 1/4, G(§) = nsS = cs6,

Yis(x, t) = :i:\%i + n1(ns(x — ct) £ cs(x — ct)).

Class 14: X = (1 — 02)/4, Y = (1 +0%)/2, Z = (1 — 0?)/4, G(8) = ncs =+ sc8,

Wig(x, t) = :I:Li + n1(nc(x — ct) & sc(x — ct)).

V2
Class 15: X = 1/4, Y = (0> — 2)/2, Z = 0%/4, G(8) = nsé % ds8,
1
Wis(x, t) = :I:Ei 4+ n1(ns(x — ct) £ ds(x — ct)).

Class 16: X = 0%/4, Y = (0®> —2)/2, Z = 0*/4, G(8) = sné % icné,

1
Wiglx, t) = :I:—zi + n1(sn(x — ct) £ icn(x — ct)).

N
Class 17: X = 0%/4, Y = (0% — 2)/2, Z = 0%/4, G(8) = /1 — 02sd8 + cds,
1
Wir(x, t) = iﬁi + (/1 — 0%sd(x — ct) & cd(x — ct)).

Class 18: X = 1/4, Y = (1 —0%)/2, Z =1/4, G(8) = gcdé £i+/1 — 02nds,

1
Wig(x,t) = £—i+ni(ocd(x — ct) £iv/1 — 02nd(x — ct)).

V2

Class19: X =1/4, Y = (1 — 2Q2)/2, Z =1/4, G(@8) = osnd £ idns,

Wig(x,t) = :I:%i + n1(o sn(x — ct) £ idn(x — ct)).

Class20: X = 1/4, Y = (1 —02)/2, Z =1/4, G(8) = /1 — 0?sc8 i dcs,
1
Woo(x, 1) = iﬁi + (/1 — %sc(x — ct) £ idc(x — ct)).

Class21: X = (0> — 1)/4, Y = (0> + 1)/2, Z = (0*> — 1)/4, G(8) = g sd8 + nds,

L
Uy (x,t) = :I:—Zz + n1(o sd(x — c¢t) £ nd(x — ct)).

V2
Class 22: X = 0%/4, Y = (0> —2)/2, Z = 1/4, G(§) = 3%,
Up(xf) = + 1 - sn(x — ct)
X, = —=1 —_— .
2 V2 mix dn(x — ct)

Class23: X = —1/4, Y = (0> +1)/2, Z = (1 — 0*)?/4, G(8) = o cnd =+ dné,
1
Wos(x,t) =+—i+ cn(x — ct) £ dn(x — ct)).
23(x,t) 7 n1(e cn( ) ( )
Class 24: X = (1 — 0%)?%/4, Y = (0> + 1)/2, Z =1/4, G(8) = ds8 =% csé,

Wy (x,t) = ﬂ:ii + n1(ds(x — ct) £ cs(x — ct)).

V2
4(1_p2 2(1—p2 1—02
Class 25: X = G000, vy = 2000, 7 = L0, G(8) = des + /1 — ¢?ncs,

Wos(x,t) = :l:%i + n1(de(x — ct) /1 — @%nc(x — ct)).

. _ szz o _QZY Y
Class 26: Z = [P Y <0, X>0 G©) = 1/7(92+1)Xsn< 41 ),

(31

(34)

(36)

(37)

(38)

(41)

(45)
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2y

Wos(x, 1) = £—=i+n

f

(@*+ DX

Class 27: 7 = U5

Yy 0, X <0, GB) = ,/—5—d
@-2x> 1B ASs VAR

-Y
sn( QZ+1(x—ct)).

(

YQZ 5) ,

—i+n Y dn —¥ (x —ct) ).
f - 09X 2-¢?

2
—x

92715)’

Va7 (x,1) =
20,2 _ 2 -
Class 28: Z = %, Y>0 X<0, GO) = (2929 Y
Was(x, 1) + oY
X, = —i
28 f M 202 - DX

Class29: X =1, Y =2 — 402, Z=1, G(§) = 8dnd,

cnd

Y
cn( 20— 1(x—ct)).

sn(x — ct) dn(x — ct)

1
Wog(x,t) = £—=i+m

V2

Class30: X = 0%, Y =2, Z=1, G@) = sné cnd

dns >

1
W3o(x,t) = £—=i+ 1

cn(x — ct)

sn(x — ct) cn(x — ct)

V2 dn(x — ct)
v ) _ 2 4 __ cnddnd
Class31: X =1, Y = 0> +2, Z=1-20" + 0%, G(§) = <29,
Wy f) = + 1 o cn(x — ct) dn(x — ct)
xX,t) = +——i
31 V2 n sn(x — ct)
—1? 0%l o, (o—1)? — dnd cnd
Y =57 Z="55" GO) = zammires

Class 32: X = AZ(+

2 2
Class33:X=%, y = e+l _

Class 34: X = 7?4,

Class 35:X = 3

Class 36: X = 1/4,

dn(x — ct) cn(x — ct)

1
Ua(x,t) =x—Fi+m

4A2 >

30, Z = @)’ G(5) =

V2 A(1 4 sn(x — ct))(1 4+ osn(x — ct))’

dnd cné

A(1+snd)(1—psnd)>
dn(x — ct) en(x — ct)

1
W33 (x,t) =t—i+nm

Y=60—0"—1, Z=-20"+0"+0% G©) =

1
Wag(x,t) =£—Fi+m

V2 A(1 4+ sn(x — ct))(1 — o sn(x —ct))

o cné dnd
osn28+1°

ocn(x — ct) dn(x — ct)

V2

Y=—-60—02—1, Z=20>+0*+0% G(©) =

1
Wys(x,t) = £——i +

osn?(x —ct) +1

o cnd dnd
osn2§—1’°

o cn(x — ct) dn(x — ct)

V2 n osn?(x —ct) — 1

Y = 1-2

Z=1/4 GO =

1
W36(x,t) = £—=i+n

Class 37: X = #, Y = #) Z = %’ G(8) = <

Class 38: X = 49,

Class 39: X = —4p;,

JEEN W

1
W37 (x,t) = £—=i+n

Y =2+601—0% Z=2+201—0% G(©) =

1
Wig(x,t) = £—=i+n

sn(x — ct)

ﬁ 1+en(x —ct)’

cn(x — ct)

V2 1+sn(x —ct)

02 snd cnd
01—dn2s’

Q2 sn(x — ct) cn(x — ct)

V2 01 —dn’(x —ct)

1
W3g(x,t) = t—=i+n

Y =2-601—0% Z=2-201—-0% G@©) =

—0?% snd cné
01+dn?s

>

—Qz sn(x — ct) cn(x — ct)

V2 o1+ dn?(x — ct)

2 2 2
Class40: X = 2207201y = & 1 —3g), 7 = 20201

G(8) =

0?snéd cnd
sn28+(14+¢0;1)dné—1—0;’

(46)

(47)

(48)

(51)

(52)

(54)

(55)

(58)
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Wio(n,t) = + 1 . o%sn(x — ct) en(x — ct) (60)
40\ X - = 1 .
V2 snZ(x —ct) + (1 + o1)dn(x — ct) — 1 — o1
Ly _ 2—0*+2 _ o _ _ 2—0%*420 _ 0%snd cnd
Class 41: X = =55, Y =5 — 14301, Z= "3 GO = o inan—iar
1 . o%sn(x — ct) cn(x — ct)
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1
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V2 Bsn(x —ct) + C dn(x — ct)’
Bc2-c2? Ly o
X By &g e
Class44: X = 5=, Y =& — 1, Z = ;of s GO) = T 5mcas —

B2+C2—(C2p2
1 \/7+dn(x—ct)
Wa(e,t) = £—i+1 B+c (64)
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1 . osn?(x —ct) + 1
Wyg(x,t) = £— .
46(x, 1) ﬁl+n1B(gsn2(x—ct)—l) (66)

Weiestrass-elliptic function solutions
By incorporating the solutions provided in*, as outlined in Table 2, and utilizing Eq. (20), the resulting set of

exactsolutionsisasfollows; Class47: f, = 3(Y2 — 3XZ), f; = 3L(-2Y% 4+ 9XZ), G(6) = \/%(p G fofs) — 31,

1 1 1
Wyr(x,t) = iﬁi + Th\/}(@ (x —ct; f.3) — gY)- (67)
Class 48: fo = §(Y2 = 3X2), fy = $5(=2Y2 + 9X2), GO®) = \/ s55im—v>
Wyg(x,t) + 32 (68)
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Class 49: f, = 12 3= 216 » GO = o G—apmip

! 12Z (x — ct: fo,f5) + 22(2Y + D
Uaoe, ) = £ 4 gy V1220~ ctifofs) + 22 5

69

V2 120 (x +ct; fo,.f3) + D (69)
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1. Y/-15Y/2Xp (x — ct; f2,f3)
7 1) =+— .
52(% 1) ﬁl+m 3p(x—ct; fr.fz) +Y

(72)

Soliton-type solutions
Soliton-like solutions of Eq. (7) can be derived in the specific scenario where the modulus ¢ approaches 1. This
is exemplified as follows

1
\Illz(x, t) = :I:Ei + n1 tanh(x — ct), (73)
1
W2(x,t) = £——i + msech (x — ct), (74)
3 \/E
1
\Ilsz(x, t) = :I:Ei + n1 coth(x — ct), (75)
1
W2 (x,1) = £——i + nresch (x — ct), 76
11 A (76)
1
W2 (x, 1) = £——i + n1(coth(x — cf) % csch (x — ct)), 77
13 A (77)
1
l11126(x, t) = iﬁi + n1(coth(x — ct) +isech (x — ct)), (78)
1
\11129(x, t) = :I:Ei + np (tanh(x — ct) £ isech (x — ct)), (79)
1
\11223 (x,t) = :I:Ei + 1 (sech (x — ct) &£ sech (x — ct)), (80)
\Ilzzs(x, 1) = fl +m tanh (\/ (x — ct)) (81)
Y
\11227(x, t) = \/J +m }sech («/ —Y(x — ct)), (82)
W00 = + 1 + sech?(x — ct) (83)
X, 1) = +—i _,
3 V2 n tanh?(x — ct) + 1
W2 (af) = + 1 o tanh(x — ct)
X)) = £——i _
36 V2 M sech (x — ct) (84)
1 . tanh(x — ct) sech (x — ct)
Wi t) =+ —i+ ,
i 1) \/El N tanh?®(x — ct) + (1 + o)sech(x —ct) —1—p (85)
1 . tanh(x — ct) sech (x — ct)
Wi () = £ —i+ ,
alh) ﬁz n tanh?(x — ct) + (=1 + @)sech (x —ct) — 1 — o (86)
B2+C2—C?
W2 (et — ﬂ:ii N \ T tsech(x—ct) (&7)
BTN My tanh(x — ct) + C sech (x —ct)’

It is pertinent to note that the exact solutions W, Wy, - - - Ws; are derived and presented in Egs. (21)-(72), where
the choice of the positive (+ve) and negative (—ve) signs leads to distinct solutions. Additionally, it is worth high-
lighting that each exact solution provided in Eqgs. (21)-(72) can be bifurcated into two solutions by selecting the
positive and negative signs, although these variations have not been explicitly computed. Moreover, it should be
emphasized that all the exact solutions outlined in Egs. (21)-(72) can be validated through substitution. Notably,
some of these solutions exhibit the incorporation of free parameters, namely X, Y, and Z.
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Trigonometric-function solutions
Trigonometric-function solutions for Eq. (7) can be derived in the specific scenario where the modulus o
approaches 0. For instance,

1
\Ilzx,t =+ —i+ n csc(x — ct),
5(x,t) 7 11 csc( ) (88)
W2 (x, 1) = :I:ii + 1y sec(x — ct) 89
6K 1) = ﬁ m > ( )
W2(x,t) = :I:Li + 1y tan(x — ct) 90
9 (X, 1) = ﬁ m > (90)
W2 (x,1) = ﬂ:ii + 1y cot(x — ct) 91
11 /2 m > (91)
W2 (x, 1) = :I:Li + n1(csc(x — ct) & cot(x — ct)) 92
13X \/E n 5 ( )
1
W2, (x, 1) = £——i + n1(sec(x — ct) % tan(x — ct)),
(1) 7 m (sec( ) ( ) (93)
W2 () = & 1 - sin(x — ct) 04
x,t) = +—i —_—,
2 NG m 5 (94)
1
W3, (x, 1) = £——=i + n1(csc(x — ct) & cot(x — ct)), (95)

V2

(x — ct) cos(x — ct)

1
W2 (x,t) = +—i ,

20D ﬁl tm A(1 4+ sin(x — ct)) (96)

\1/2( =+ 1 - sin(x — ct)

x,t) =+t—i _

3 V2 N 1 & cos(x — ct) 7)

1 . cos(x — ct)
\IJ§7(x, H=x—i+n (98)

T sinGx — ot)

) .
\/ B BZC + sin(x — ct) (99)

V2

2 l.
WX, t) =F—i+m

V2 Bcos(x—ct)+C ~
B2_C2
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Bt D) ﬁl+m Bsin(x —ct) +C
B2+C?
1 +1

W20 =F—itmn B+C (101)

V2

B sin(x — ct) + C cos(x — ct)’

Solitonic dynamics of the cdCH Eq. (7)

This section incorporates a graphical depiction of the attained results and corresponding physical explanations.
The determination of exact solutions for the proposed model holds pivotal importance in elucidating diverse
waveform manifestations within nonlinear complex structures. Utilizing the prescribed methodologies, the exact
solutions are extracted and visually represented in multiple-soliton, soliton, trigonometric, hyperbolic, periodic,
Jacobi’s elliptic, and singular wave functions. A soliton®, alternatively designated as a solitary wave, manifests as a
self-sustaining wave packet that preserves its configuration during uniform propagation. The genesis of solitons
is contingent upon the equilibrium of nonlinear and dispersive influences within the medium. These solitons
serve as solutions to a broad category of weakly nonlinear dispersive partial differential equations integral to the
modeling of physical and engineering systems. Conversely, a periodic traveling wave emerges as a periodic func-
tion in one dimension progressing at a consistent velocity, representing a distinctive spatiotemporal oscillation
wherein both spatial and temporal dimensions exhibit periodic behavior. Diverse mathematical equations rely
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Figure 1. Dynamics of soliton-type solution W (x, t) of cdCH Eq. (7) by using; = land ¢ = 1.
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Figure 2. Dynamics of soliton-type solution W2 (x, t) of cdCH Eq. (7) by the soliton-type solution W2 (x, t) by
usingn; = landc = 1.
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Figure 3. Dynamics of soliton-type solution W2 (x, t) of cdCH Eq. (7) by using7; = land ¢ = 1.

on periodic traveling waves, encompassing self-oscillatory, excitable, and reaction-diffusion-advection systems.
Moreover, it is noteworthy that the parameter selection significantly influences the physical characteristics of the
derived solutions. To provide a visual insight into these physical properties, 3D, and 2D graphs are generated.
These graphical representations contribute to a comprehensive understanding of the observed phenomena.

Figures 1 and 2, contingent upon the judicious selection of parameters, delineate the kink-type and bell-type
soliton solutions, respectively. Figure 3 explicates the explicit representation of solitary waves, while Fig. 4 illus-
trates the singular soliton solution. Moreover, Fig. 5 presents the composite singular soliton solution, and Fig. 6
showcases the complex combo soliton solution. The outcomes of this endeavor are poised to serve as a fount of
inspiration and motivation for forthcoming discussions spanning diverse research domains, particularly within
the purview of solids engineering.

Scientific Reports|  (2024) 14:13100 | https://doi.org/10.1038/s41598-024-62961-9 nature portfolio



www.nature.com/scientificreports/

t=10 == t=15 — t=2.0

Re[ll{fj1(x,t)]
= ; Re[l[l211(x,t)]

0.2

011

t=10 — t=15 — t=2.0
Re[¢?16(x,1)]
X

4+

-10 -5 5 10

2}

-4}

Figure 5. Dynamics of soliton-type solution \11126 (x,t) of cdCH Eq. (7) by usingn; = landc = L
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Figure 6. Dynamics of soliton-type solution \lff9 (x,t)of cdCH Eq. (7) by usingn; = landc = 1.

Conclusions

The F-expansion method has been adeptly employed to derive fifty-two distinct exact solutions classified by the
auxiliary equation G'(8) = XG*(8) + YG?(8) + Z for the cdCH equation. This mathematical technique holds
a notable advantage over alternative methods by encompassing all categories of exact solutions, encompassing
Jacobi-elliptic and Weierstrass-elliptic functions. Moreover, it has yielded soliton-like solutions and trigonomet-
ric-function solutions as particular instances. The efficacy of the method in offering a diverse array of exact solu-
tions, including those rooted in advanced mathematical functions, underscores its utility in addressing complex
nonlinear PDEs, particularly in modeling phase separation dynamics in materials science.

The paper expanded its scope to encompass soliton-like and trigonometric-function solutions as special cases.
This demonstrated that the outcomes previously achieved using the recently extended direct algebraic method
(Rehman et al.)*!, the modified auxiliary equation method (Lu et al.)?*, the unified method (Adel et al.)*®, and the
modified simple equation method (Riaz et al.)*” were specific instances that fell within the more comprehensive
context of the current findings. This method can also be further applied to certain NLEEs.

Data availibility
All data generated or analyzed during this study are included in this published article.
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